Step 1: determination of the common shape B) The data are superimposed by vertical scaling (shifting and stretching) and horizontal shifting of the second curve relative to the first. C) A smoothing spline is fit to the combined data, satisfying the user-specified constraints of monotonicity and/or number of inflections, and with the appropriate weighting.
D) The shape of the template is now fixed. E) The position of the template is scaled vertically and horizontally to obtain the best fit to the original data. Then the data are rescaled to obtain a new, improved superimposition (return to B). The entire cycle is repeated until no further changes are observed, i.e., until convergence.
Rather than progressively increasing the degree of the polynomial, one can use cubic polynomials to describe local segments of the curve, which can be joined together smoothly at knots. This is accomplished by requiring the first two derivatives of the curve to be continuous.
If a knot is placed at each data point, the result is a cubic interpolating spline ( Fig. 3B) , which is the smoothest curve that can be drawn exactly through the points, where smoothness is defined as the reciprocal of the integral of the square of the second derivative, S = 1/(y")2d (8). Using fewer knots than the number of data points, placed at locations selected by the user, one obtains least-squares splines (14): the curve will now pass close to, but not necessarily exactly through, each point. However, the results depend on the number and location of the knots, which introduces an element of subjectivity and arbitrariness.
The smoothing spline approach (Fig. 3C) Alternatively, one can use a series of continuous linear segments, joined at a fewer number of locations (knots) than number of observations. B) Interpolating cubic splines are the smoothest curves that will pass exactly through each point (8, 23 e.g., b1 = b2; 2) fit the curves without these constraints (Fig. 4B); 3) fit the curves a second time subject to these constraints (Fig.  4A) Given the sequence of knots x1 < x2 << x,,, and a particular value of x, where x x < x1#{247}i, for some i = 1,. n -1, the spline function is a cubic polynomial
The set of coefficients (ps, q,, r1, se) (ai, b1, c1, d1) can be fixed at (1, 1, 0, 0).
2) Shift and scale the data from all the curves, for curve 1: x y 4-y, for curve 2: x -b2(x1 -c2)
4-
(yj -d2)/(a2 -d2)
for curvej:
b1(x1 -c)
3) Fit the smoothing splinefs to the scaled and shifted data (x',,y) , i = 1,..., n, adjusting the smoothing factor S to satisfy user-specified constraints concerning monotonicity and number of inflection points. 
